In this paper, we mainly study the integral representations for functions f with values in a universal Clifford algebra C
Introduction and Preliminaries
Integral representation formulas of Cauchy-Pompeiu type expressing complex valued, quaternionic and Clifford algebra valued functions have been well developed in [1-9, 12-19, 21, 24, 25 etc.] . These integral representation formulas serve to solve boundary value problems for partial differential equations. In [2, 3] , H. Begehr gave the different integral representation formulas for functions with values in a Clifford algebra C(V n,0 ), the integral operators provide particular weak solutions to the inhomogeneous equations
In [5, 24] , the higher order CauchyPompeiu formulas for functions with values in a universal Clifford algebra C(V n,n ) are obtained. In [16] , G.N. Hile gave the detailed properties of the T -operator by following the techniques of Vekua. In [14, 15] , K. G h i e i , D is the Dirac operator. In this paper, we shall continue to study the properties of Cauchy-Pompeiu operator, higher order Cauchy-Pompeiu operator and Π operator for f ∈ Λ(f, Ω), where 
where N stands for the set {1, · · · , n} and PN denotes the family of all order-preserving subsets of N in the above way. We denote e ∅ as e 0 and e A as e h 1 ···hr for A = {h 1 
where S stands for the set {1, · · · , s}, #(A) is the cardinal number of the set A, the number P (A, B) = j∈B P (A, j), P (A, j) = #{i, i ∈ A, i > j}, the symmetric difference set A B is also order-preserving in the above way, and Let Ω be an open non empty subset of R n , since we shall only consider the case of s = n in this paper, we shall only consider the operator D which is written as
Let f be a function with value in C(V n,n ) defined in Ω, the operator D acts on the function f from the left and from the right being governed by the
An involution is defined by
where σ(A) = #(A)(#(A) + 1)/2. From (1) and (3), we have
Integral Representations
In this section, we shall give the integral representations for f and T i f ,
In [5] , [24] the kernel functions
are constructed for any j ≥ 1, where
, ω n denotes the area of the unit sphere in R n , and
Lemma 1.(Higher order Cauchy-Pompeiu formula) (see [24] )Suppose
In the following, Ω is supposed to be an open non empty subset of R n with a Liapunov boundary ∂Ω. Denote 
Proof.
Step 1. For f ∈ Λ(f, Ω), we shall firstly prove (11)
It is obvious that (11) is the direct result of Lemma
For i ≥ 1, in view of the properties of the kernel functions of H *
Combining Stokes formulas with (12), we have
For i ≥ 1 and j ≥ 0, it is easy to check that, (14) lim
In view of the weak singularity of the kernel functions and (14), taking limits as ε → 0 in (13), (11) holds.
Step 2. For f ∈ Λ(f, Ω), we shall show that
Since f ∈ Λ(f, Ω), then there exist constants C 0 , M , 0 < C 0 , M < +∞, and
where δ = sup
denotes the volume of Ω. It is obvious
that the series
Case 2. n is even. In view of (5) and (7), it can be similarly proved that (15) holds.
Combining (11) 
Remark 1.For i = 0, (20) is exactly the higher order Cauchy integral for-
mula which has been obtained in [5, 24] . Analogous higher order Cauchy integral formula can be also found in [2, 3, 12] .
Corollary 2.Let Ω be an open non empty bounded subset of
R n with a Liapunov boundary ∂Ω, f ∈ Λ(f, Ω). Then, for z ∈ Ω (21) D[T i+1 f ] = T i f, i ∈ N.
Remark 2.Corollary 2 implies that T k f provides a particular solution to the inhomogeneous equation
D k ω = f in Ω for f ∈ Λ(f, Ω). Especially, suppose U is a domain in R n , Ω
is an open non empty bounded subset of U with a Liapunov boundary ∂Ω, f is regular in
in Ω. This result gives an improved result in [2, 25] under the assumption of f ∈ Λ(f, Ω). 
h i e i or h is a real (complex) number, then f ∈ Λ(f, Ω).
By Theorem 1, the result follows. 
Rx i e i satisfies Du − Ru = 0, thus e Rx i e i is also a solution of older continuity of Πf in Ω. (Ω, C(V n,n )), Πf is defined as in (23) . Then
where α(x) denotes the unit outer normal of ∂Ω.
Proof. For z ∈ Ω, by Stokes formula, we have,
Πf (z) = lim ε→0 Ω\B(z,ε)
For z ∈ ∂Ω, taking limits in (29), (28) follows. Liapunov boundary ∂Ω, f ∈ Λ(f, Ω), Πf is defined as in (23) . 
Some applications
In this section, we shall give some applications of the higher order Cauchy- 
Remark 3.G(y, x) has the following properties:
By Stokes formula, for x ∈ K n and x = 0, we have
(35) can be rewritten as
In view of (36) 
